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Within the context of quantum teleportation, a proposed interpretation of bipartite entanglement 
describes teleportation as consisting of a qubit of information evolving along and against the flow of 
time of an external observer. We investigate the physicality of such a model by applying time-reversal 
to the Schrodinger equation in the teleportation context. To do so, we first present the theory of 
time-reversal applied to the circuit model. We then show that the outcome of a teleportation-like 
circuit is consistent with the usual tensor product treatment and is therefore independent of the 
physical quantum system used to encode the information. Finally, we illustrate these concepts 
with a proof of principle experiment on a liquid state NMR quantum information processor. The 
experimental results are consistent with the interpretation that information can be seen as flowing 
backward in time through entanglement. 



PACS numbers: 03.67.-a, 03.67.Mn 



I. INTRODUCTION 

Entanglement is perhaps the most counter-intuitive 
property of any quantum mechanical system. Einstein, 
Podolsky and Rosen used entanglement to argue that 
quantum mechanics predicts a breakdown in locality . 
More than half a century later, entanglement was used 
to increase the efficiency of information processing via 
quantum superdense coding Q. Entanglement was also 
argued to be the source of the that increased power jjj , as 
well as helping to reduce the complexity of certain types 
of communication protocols 3 and enhance their secu- 
rity To date, one of the most important applications 
of entangling operations in quantum information is quan- 
tum teleportation ja] . This protocol demonstrates clearly 
that entangled quantum mechanical systems can perform 
tasks that have no counterpart in classical systems. 

An intuitive explanation of the non-classical behavior 
of an entangled system has been offered by C. H. Bennett 
and B. Schumacher (B&S), who presented the notion of 
"conditional time travel" Q- In the teleportation con- 
text, B&S suggested that, conditional on the outcome of 
the Bell measurement, the scheme can be seen as a sin- 
gle qubit of information evolving along and against the 
arrow of time of an external observer. More recently, 
a complete mathematical theory based on this new in- 
terpretation was developed by B. Coecke, who analyzed 
the "seemingly acausal flow of information" in the lan- 
guage of functional programing. Coecke's theory was for- 
mulated independently of the physicality of the system 
0,11 . Coecke also applies his method to several quantum 
algorithms, such as logic gate teleportation [lOj and en- 
tanglement swapping [llj. and reproduces faithfully the 
results obtained using the usual tensor product treat- 
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ment of multipartite quantum mechanical systems. Note 
that a similar idea of acausality was also proposed by O. 
Costa de Beauregard in 1977, in a search for a solution to 
the EPR paradox Later, Aharonov et al. described 
a scheme where entanglement and conditional measure- 
ment can be used to create a "quantum time-translation 
machin e" Il3l . which was later experimentally demon- 
strated 

Since time inversion is a physical process, it is impor- 
tant to analyze such a model from a physical perspec- 
tive and verify that it is consistent with the usual tensor 
product treatment. In this paper, we analyze whether 
an acausal flow of information in a teleportation proto- 
col can is physically meaningful, or should only consist of 
a mathematical model. By physical, we mean that since 
the quantum information is encoded in the physical state 
of a quantum system (e.g. spins, photons, trapped ions), 
we verify that the B&S interpretation is consistent with 
the time inversion of the Schrodinger equation, so that 
the qubit follows the laws of quantum mechanics when it 
is claimed to "travel back in time" . 

Finally, an experimental proof of principle is given us- 
ing a liquid state NMR quantum information processor. 
A quantum circuit is implemented that yields experimen- 
tal results consistent with the interpretation that infor- 
mation can flow against the arrow of time of an external 
observer. Note however that causality is never broken, 
since the observer must wait for the final measurement 
outcome in order to gain any knowledge about the time 
traveling qubit. 



II. BENNETT AND SCHUMACHER 
INTERPRETATION 

To understand how to interpret entanglement as infor- 
mation flowing backward in time, it is important to make 
a distinction between the physical carriers and qubits. 
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The carrier is the physical quantum system while the ab- 
stract qubit represents the information encoded in the 
carrier state. For example, the teleportation scheme uses 
three carriers, but in the B&S interpretation, there is 
only one qubit of information. 

Let us now consider a typical quantum teleportation 
scheme where Alice, upon sharing a Bell pair state |3>) 
with Bob, attempts to communicate an unknown state 
\ip) to Bob by performing a Bell measurement on her two 
carriers and then communicating the result. Conditional 
on the communication, Bob can apply a certain unitary 
operation on his carrier so that its state becomes \ip). If 
Alice's carriers are measured to be in the same state as 
the pair she previously shared with Bob, then no such 
correction is needed. B&S pointed out that in this case, 
Bob's carrier must have been in the state \ip) all along, 
even before Alice decided to send it. In this case, the 
scheme can be thought of as a single qubit which, at the 
time the measurement in the Bell basis is performed, has 
been sent backward in time to when Alice and Bob pre- 
pared the initial Bell state. The time traveling occurs 
through the carrier connecting the initial Bell state and 
Bell measurement (see Fig. However, this interpreta- 
tion is conditional on the measurement outcome, hence 
the designation "conditional time travel" . 



Alice • 



Bob 



l*>< 



>|o> 



FIG. 1: When the measurement outcome of a teleportation 
scheme is the same Bell state as the input state, then Bob's 
carrier must have been in the state \tp) before Alice decided 
to teleport it. This brings the idea of the qubit traveling 
back in time through the Bell measurement and the Bell pair. 
The dashed arrowed line represents the time flow in the qubit 
temporal reference frame; on the second carrier, the qubit 
time flows against the time of an external observer (t ) 



III. TIME-REVERSAL FORMALISM 



Time-reversed state 



In classical mechanics, every trajectory x(t) has a time- 



reversed companion x r (t) — x(— t), since 



dt 2 



= ^ 



(1) 



where t' = —t. Therefore, by Newton's second law, 
x* r (i) = x(— t) satisfies the equation of motion and thus 
is a valid trajectory. 

In quantum mechanics, we approach the situation in 
the same way, except that the equation of motion is now 
the Schrbdinger equation. Given a state \ip(t)}, it is well 
known (e.g. 0|) shows that the time reversed state 
\ip(t)) tr is obtained by the mapping t — ► —t followed 
by the action of an anti-unitary operator A (Notes on 
anti- unitary operators can be found in Appendix I A II) . 

Any anti-unitary operator A can be explicitly written, 
in a certain basis B, in the form A = M (B)Kb, where Kg 
is the complex conjugation operator in the B basis and 
M{B) is a unitary matrix explicitly written in the B basis. 
Without loss of generality and for the sake of simplicity, 
we can drop the B and work in the usual computational 
basis. Therefore, we can write \ip(t)) tr explicitly in that 
basis as 



\m) tr = M t \r(-t)) 
= nm)] 



(2) 



where T is the time-reversal operator and the subscript 
on Mj- stresses the fact that the unitary matrix M cor- 
responds to the time-reversal operator T. This matrix 
depends on the behavior, upon time-reversal, of the ex- 
pectation value of the observable in which the informa- 
tion of the qubit is encoded. For example, if the qubit is 
a spin 1/2 particle, then the expected value of the spin 

operator S, since it corresponds to angular momentum, 
should follow 



m)\ tr s\mY 



■w)\sm))- 



(3) 



In his work 0,Ej, B. Coecke renders the acausal flow of 
information unconditional by claiming that, in all cases, 
the state is sent backward in time at the Bell measure- 
ment, but depending on the measurement outcome, the 
information sent backward in time is altered. 



Iln that case it can be shown that Mq- — aa v , where a 
is any phase factor and a y is the Pauli matrix [l^. On 
the other hand for example, if we are performing LOQC 
|17| by encoding the qubit in the number of photons, the 
number operator N should remain invariant under time 
inversion. In that case, Mq- = 11. 



The question that we address here is: if we use a time- 
reversal formalism to treat the teleportation protocol in 
the B&S interpretation, is it still compatible with the 
usual tensor product treatment of multipartite quantum 
mechanical systems? 



B. Time-reversed unitary operation 

As we saw in Fig. ^ in the B&S interpretation, the 
second carrier represents the qubit when it is evolving 



3 



against the flow of time of an external observer. In other 
words, its own temporal reference frame is inverse to that 
of the observer. We now investigate what would happen 
if a gate U is applied to the qubit by the observer when 
it is evolving against the observer's arrow of time. 

In the observer reference frame, \ipij, — r)) = 
W \4>(— T , T )), where we used the notation \4>(t q ,t )), t„ 
and t being the time coordinates in the qubit and ob- 
server reference frame respectively (see Fig. |5J-a). To 
know the effect of U in the qubit reference frame, we can 
apply the time reversal operator, which reverse the ar- 
row of time of the qubit with respect to the observer (see 
Fig. 13b). Note that, in the reference frame of the qubit, 
reversing its own arrow of time corresponds to reversing 
the time of the observer. Therefore, we have 

mr,r)) tr = 7Mr,r)>] 

= M f \r(r,-T)) 



M t UMp\il t \ip*(-T,T)) 
M f (lM\\^{-T-T)) tr , 



(4) 



in an entangled basis when considered from the qubit 's 
temporal reference frame. Therefore, we only need to 
consider the effect of entanglement measurement. 

In general, one might ask: consider a bipartite system 
with one of its parts initially in the state If the 

system is measured to be in the entangled state |$), what 
is the state \^)%, which must depend on the incoming 
state and the outcome of the measurement, of the qubit 
evolving against the arrow of time (See Fig. 0). 



b) |<5>< 



f 



where U denotes the transpose of U in the computational 
basis. This leads us to conclude that 



U 



M f UMt 



(5) 



In summary, applying a gate U to a qubit that is evolving 
against the arrow of time of an observer is equivalent to 
reversing the qubit 's arrow of time and applying U tr . 



U + |V> 



t„=o 



b) 



-U tr |¥> tr 



t„=t 
t„=T 



FIG. 2: Applying a gate to a qubit that has a temporal 
reference frame (t q ) that evolves against that of the observer 
(to) (a) can be evaluated by inverting the arrow of time of the 
qubit and applying the time-reversed gate U tr to the time- 
reversed state \ip) tr (b). 



IV. ENTANGLED MEASUREMENT AS THE 
TIME MIRROR 



FIG. 3: When a bipartite system, with one of its parts ini- 
tially in the state \ip), is measured to be in the entangled state 
|$), the state |V>)* is sent backward in time. t is the time of 
an external observer while the dashed arrow line represents 
the time flow of the qubit. a) The entangled measurement is 
performed when the incoming qubit and the observer shares 
the same temporal reference frame, b) The entangled mea- 
surement is performed when the incoming qubit 's reference 
frame is against that of the observer, i.e. the observer pre- 
pares an initial entangled state. 



Claim. When a bipartite system is measured to be in 
an entangled state |3>), then if one of the carriers was 
initially in the state \ip) , the other carrier can be seen as 
the same qubit with an inverted arrow of time in the state 

p tr = tnQ^M^n^M), (6) 

where the partial trace is taken over the first carrier. 

Lemma 1. In the above claim, p tr is a pure state and 
can be written in the form 



(7) 



where the conjugation is taken with respect to the com- 
putational basis . The subscripts $ stresses the fact that 
\ip) tr and Q will depend on |$). Moreover, the matrix 
Q$ can be explicitly written as 



We are investigating the claim that bipartite entan- 
glement can be physically interpreted as the same qubit 
traveling back and forth in time. Looking at the evolution 
of the qubit in Fig. we see that the initial entangle- 
ment of the carriers can be thought of as a measurement 



(Q*)u = 0'*l*>- 

Proof. Given in appendix I A 21 



(8) 
□ 



Lemma n thus gives a correspondence |<3?) <-> Q$ be- 
tween a state lying in a bipartite Hilbert space Tii ® H.2 



and a matrix mapping a single Hilbert space Hi to an- 
other, i.e. Q$ : T~ti — * Ti-2f The map Q$ simply re- 
arranges the d 2 vector elements of the state |$) in the 
computational basis into a d x d matrix, where d is the 
dimensionality of TL\ t 2- 

Let us now define a generalized time-reversal matrix 



M$ ee \fd~Qi 



(9) 



Lemma 2. Af$ is unitary if and only i/|$) is maximally 
entangled. 

□ 



Proof. Given in Appendix IA 31 



From the above lemma and results in section Till Al we 
know that there exists a maximally entangled state \&f) 



such that 



(10) 



Therefore, if entangled measurement is to been seen as 
inverting the arrow of time of the qubit, then this is ap- 
plicable only for measurement in a maximally entangled 
basis. Therefore, if the B&S interpretation is to be valid, 
we should have the equality depicted in Fig. 0] It will be 
seen later that the factor will predict the probability 
of each measurement outcome. 
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FIG. 4: Consider two carriers prepared in the state If 
the claim that the entangled measurement invert the qubit's 
arrow of time is correct, then applying an operation U on the 
carrier corresponding to the qubit evolving against the ob- 
server's arrow of time should be equivalent to applying the 
time-reversed operation U tr on the other carrier. The same 
argument applies for entangled measurement in the observer 
temporal reference frame, that is the incoming qubit 's refer- 
ence frame is the same as the observer's. 



V. APPLICATION TO GENERALIZED 
CIRCUITS 

We want to verify if we can apply the physical prin- 
ciples demonstrated in Fig. [21 and 0] and Eq. in the 
context of a generalized circuit. Since the purely math- 
ematical treatment of such a model has already been 
shown by Coecke, we will, without loss of generality, only 
physically analyze the case of teleportation-like circuit. 
By teleportation-like, we mean any three-carrier circuit 
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FIG. 5: a) A general teleportation-like circuit. U, V and W 
are arbitrary unitary operator. In the example, the output 
of the measurement yield the maximally entangled state |f2) 
and the remaining qubit end up in state \r/n), which depends 
on the outcome of the measurement, b) The same circuit 
but starting with \<&j-) as the entangled state and measuring 
1$^}. c) The same circuit, but in which all the gate are 
applied when the qubit time flows in the same direction as 
the observer time, i.e. on the top and bottom carriers only. 



starting with two of them in a maximally entangled state 
1$) and then performing a measurement in a maximally 
entangled basis on the remaining carrier and one of the 
initially entangled carriers. Moreover, local unitary op- 
erations are permitted on all the carriers (Fig. [SJ-a). 

We first want to remove the gate V gate applied to the 
second carrier since, in our model, it corresponds to the 
qubit evolving in a temporal reference frame opposite to 
that of the observer. 



In section IIII Bl we saw that we 
can invert the arrow of time of the qubit by applying the 
time-reversal formalism. Therefore, inverting the arrow 
of time of the qubit should correspond to moving V either 
to the top or to the bottom carrier which then becomes 
V tr . However, since and Mq are generally not equal 
to Mf 1 we cannot simply apply the equality depicted in 
Fig. 01 On the other hand, we know that all maximally 
entangled states l^) are related through local operations 
so that we can write 



m = x\\$f) 



(ii) 



for any maximally entangled state l^f"), where the super- 
script indicates on which carrier the gate is applied. The 
circuit then becomes that of Fig. |5lb. Therefore, using 
the equality of Fig. 01 the circuit should reduce to that 
of Fig. 0-c. If the qubit starts at the top carrier and 
make its way through the circuit, it will experience the 
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following evolution 



- -Lf[xnU*\r)} 



(12) 



(13) 



-^WM f x^M\M f VM\ X ^\^) (14) 
7W f x^MM[/W, (15) 



where we have used Eq. 151 and 1X51 The factor of 4 comes 
from the fact that, due to the correspondence in Eq. 00 
entangled measurement sends an under-normalized state 
along the second carrier. This takes into account the 
conditionality of this interpretation, i.e. the state is 
only measured with a certain probability. Therefore, the 
final output \t)q) will actually occur with a probability 

d 2 ■ 

The evolution still depends on Mf, which, as we men- 
tioned earlier, depends on the physical nature of the car- 
riers. If this model is to agree with the usual tensor 
product treatment of multipartite circuits, the outcome 
must be independent of the physical nature of the carri- 
ers. On the other hand, due to Eq. ^2 X*,n will depend 
on M^- also. 

Lemma 3. For a general maximally entangled state |\&) 

X* = M 9 M*~.. (16) 
Proof. Given in Appendix IA 41 □ 
Therefore, Eq. 1121 becomes 

-jWM t MtM$VMtMfM£U\i>) 

since 7 2 = 1. This result is independent of the physical 
nature of the carriers and is identical to that derived 
using Coecke's method @- 



VI. NON-MAXIMAL ENTANGLEMENT 



What actually happens when the entanglement in not 
maximal? 

By the correspondence in Eq. [8] and Lemma [21 the 
matrix M]j corresponding to a non maximally entangled 
bipartite state |n) is non-unitary. Therefore, some in- 
formation contained in the qubit must have been lost in 
the process of inverting the arrow of time through the 
measurement. Since any state |n) can be constructed 
from a maximally entangled state |$) and a non-local 
entangling operation 7V 1,2 |$), this can be seen as some 
of the qubit 's information being confined to a temporal 
loop created by the maximally entangled state and the 
entangling operation, as demonstrated in Fig. 



^ 




As we saw in section IIVI bipartite entanglement can 
be seen as the same qubit evolving along and against the 
arrow of time only in the case of maximal entanglement. 



FIG. 6: If a non maximally entangled bipartite state |II) = 
N 1 ' 2 ]^) is measured, some information from the qubit \ip) 
can be seen as confined within a time loop caused by the 
maximally entangled measurement and the entangling gate 
(dashed loop). Thus, the state of the qubit once it is sent 
backward in time, Mu\<j>*) T , does not contain all the original 
information. 



VII. CONCLUSION OF THEORETICAL 
ANALYSIS 

We have demonstrated that interpreting maximally en- 
tangled measurement as sending the same qubit against 
the arrow of time of the input qubit can be physically 
meaningful. Moreover, we demonstrated that inverting 
the arrow of time following the time-reversal formalism 
applied the Schrodingcr equation consisted of changing 
carrier through an entangled measurement in the qubit 's 
temporal reference frame. More specifically, we showed 
that this model predicts the correct outcome for a gen- 
eralized teleportation scheme and this outcome is inde- 
pendent of the physicality of the carriers, as predicted by 
the usual tensor product treatment of such a scheme. 



VIII. EXPERIMENTAL DEMONSTRATION 

In this section, we present an experimental proof of 
principle in which we demonstrate how entanglement, 
conditional on the measurement outcome, can appear 
to break causality. Causality is never actually broken 
since one has to wait for the outcome of the measure- 
ment before reaching a conclusion. The experiment is 
performed on a four carrier nuclear magnetic resonance 
(NMR) quantum information processor. 
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A. Introduction 

In previous sections, we have shown that entangled 
measurement can be seen as inverting the arrow of time 
of a qubit. Keeping Fig. ^in mind, it means that the 
lowest carrier, in the qubit time frame, is an "older" ver- 
sion of the qubit that was input through the first carrier. 
Therefore, in the observer reference frame, the lowest car- 
rier should "know" beforehand if a certain transformation 
has been applied to the first carrier. 
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FIG. 7: A teleportation based circuit which demonstrates the 
acausality of entanglement. |4>) can be any Bell state. If the 
Bell measurement yields the same state as the input Bell state, 
then the lowest carrier "knew" beforehand if the NOT-gate 
(X) had been applied (a — 1) or not (a = 0). 

Let us consider the circuit shown in Fig. [7| Here, we 
stress the fact that the controlled-NOT gate is performed 
before the decision is made to perform the NOT gate, or 
not, on the top carrier. A usual tensor product treatment 
of the situation will yield the state for the two lowest 
carriers, \ip) 3 ' , to be : 

IV;) 3 ' 4 = |0)|0>, if o = 

|V> 3 < 4 = |1>|1>, ifo = l, (17) 

where the subscripts correspond to the carrier number. 
Therefore, even though no action is taken on the bottom 
carrier after time t\ , its final state tells us the information 
of whether the NOT gate had been applied (a = 1) or 
not (a = 0) at time t2 > t\. 

To this situation, we can apply B&S interpretation in 
the following way: the circuit consists of two qubits, one 
which is input through the top carrier and which travels 
back and forth in time through the Bell measurements 
and a second which is input through the bottom carrier. 
At t = *2, a NOT gate may or may not be applied to the 
first qubit (top carrier) . Then, it is brought back in time 
through the second carrier. Then, at t = t\ < t%, if a = 0, 
then it is still in the state |0) and the controlled-NOT will 
not do anything to the second qubit (bottom carrier). 
But if a = 1, then the first qubit is in the state |1) and 
the controlled-NOT will flip the second qubit. Therefore, 
from an external observer's point of view, we could say 
that at time t\, the third carrier already knew that the 
NOT gate would be applied or not at time t% > t\ and 
passed this information to the fourth carrier through the 
controlled-NOT gate. 

As a side note, if we turn this interpretation around, 
it means that one can choose wether or not the second 



qubit have been flipped in the state |1) after the flipping 
action have been performed. This situation might thus be 
interpreted as a conditional version of Wheeler's "delayed 
choice" thought experiment |l8|. 



B. NMR quantum information processing 

Liquid state nuclear magnetic resonance is a well es- 
tablished technology to implement simple quantum algo- 
rithms mH^mtlllHij]. A NMR quantum informa- 
tion processor normally consists of roug hly 10 20 identical 
molecules containing spin ^ nuclei diluted in a liquid sol- 
vent. Rapid tumbling of the molecules decouples them 
from each other, such that they ideally all have the same 
evolution. This sample is then placed in a strong ho- 
mogenous magnetic field which defines, by convention, 
the z axis. Since a spin is a magnetic dipole, placed 
in a magnetic field it will precess around the z-axis at a 
rate equal to its Larmor frequency, which depends on the 
type of nucleus and its chemical environment. Every spin 
that has a different Larmor frequency can potentially be 
identified as a carrier. 

Single carrier quantum operations can be applied using 
radio-frequency (RF) pulses resonant at the Larmor fre- 
quency of the carrier, which create rotations about any 
axis in the xy-plane. Broadband pulses, which affect a 
large interval of frequencies, are effected through short, 
large amplitude pulses (hard pulses) while narrowband 
pulses are effected through long, low amplitude pulses 
(soft pulses) . Two carrier operations are effected through 
the natural J-coupling between nuclei, which produces a 
controlled-phase rotation. Note also that this natural 
coupling can be effectively turned off using refocusing 
pulses. More details on NMR quantum information pro- 
cessing can be found in [25j. 

C. Experiment 

1. The Hamiltonian 

The experiments were performed on a Bruker DRX 
Avance 600 spectrometer using a sample of four carbon- 
labeled trans-crotonic acid (Fig. |SJ. The natural Hamil- 
tonian of the system is well-approximated by 

1 4 7T 

U = -^22icv i Z i + -^J ij Z i ®Z j , (18) 

i— 1 i>j 

where Vi is the the Larmor frequency of Ci in Hz and Jij is 
the J-coupling strength between d and Cj . Those values 

can be found in Fig. |SJ Z is the usual Pauli a z matrix. 
Note that, even though the hydrogens are spin i, we can 
decouple them using the WALTZ 16 pulse sequence |2t| . 
Moreover, since the natural abundance of spin oxygen 
is close to 100%, the two oxygens present can be also 
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ignored. Finally, since our system is homonuclear, each 
carrier nuclear spin can be individually controlled using 
soft gaussian shaped pulses. 
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-2551.29 
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FIG. 8: Carbon-labelled trans-crotonic acid and its Hamil- 
tonian parameters. Fhe precession frequencies are given by 
the diagonal elements and the coupling strengths by the off- 
diagonal elements. Fhe six hydrogens can be ignored by ap- 
plying a decoupling sequence and the two oxygens have no 
spin, so they do not interact with the rest of the molecule. 



2. Pulse sequence 



c 4 - 



C 3 — Rj? 



C 2 — Rjf 



>tc/2 



171/2 



R* /2 



R? /2 




ent 






-a 


Rx n/2 




Gra< 



FIG. 9: Fhe pulse sequence implemented to illustrate the ef- 
fect of the circuit depicted in Fig. [7] R® denotes a rotation 
of angle 9 about the axis i. Fhe rotation in grey shade is 
ignored for the first experiment and applied for the second. 
Fhe two-carrier gates represent ^ J-coupling, which is equiv- 
alent to a controlled-phase gate. Fhe two-carrier gradient is 
applied using two identical gradients and a refocusing pulse 
on Ci and C2 in between. Fhe vertical dashed line stresses 
that we waited for the coupling between Ci and Ci to termi- 
nate before proceeding to any other action. Note that none 
of the refocusing pulses are shown in that picture. 

In our experiment, we have not implemented directly 
the circuit shown in Fig. \7\ Instead, we developed a 
closely related circuit which provides the same conclusion 
but which is more suitable for NMR. This circuit can 
be seen in Fig. [5] The initial pseudopure state of the 
system was of the form X00X, where we have used the 
notation C1C2C3C4. This state has been created using 
the technique of spatial averaging p7j . 

In the ideal circuit (Fig. [7J|, the Bell pair is needed 
only to have initial entanglement between two carriers 
and the controlled-NOT simply entangles the two bot- 
tom carriers together. Therefore, conceptually, we only 
need to create entanglement between C2 and C3 and be- 
tween C\ and C2, which can be done through J-couplings 



(controlled-phase gate). Similar considerations apply for 
the Bell measurement. In most practical settings, a mea- 
surement in a entangled basis is done through disentan- 
gling the carriers and then measuring them in the com- 
putational basis. In NMR, the disentangling can be per- 
formed through J-coupling and the measurement can be 
simulated by applying a field gradient throughout the 
NMR sample. Finally, the NOT gate in the ideal circuit 
performs a certain action on the top carrier. Any action 
that leads to the desired results could be implemented, 
which in our case, is a 7r/2 rotation. Here is the descrip- 
tion of the four groups of pulses and couplings and their 
correspondence with Fig. 

a) Creates entanglement between C2 and C3 using a ? 
J-coupling, which corresponds to creating the ini- 
tial Bell pair. 

b) Entangling C\ and C2, which corresponds to the 
controlled-NOT between the two lowest carriers. 

c) Corresponds to applying the NOT gate or not 

d) Disentangles C3 and C4 and then does a projection 
in the computational basis, which correspond to a 
simulated measurement in the Bell basis 

Before going any further, we should point out that 
a four carrier system in room temperature liquid state 
NMR contains no entanglement, since the initial state 
only represents the deviation of the state of the 
system from the completely mixed state (of the order 
10 -5 ). Therefore, the state of the system is highly mixed 
and thus separable |2g|. On the other hand, since the 
state of an NMR sample is of the form ^0- ]l+ep (where n 
is the number of carriers) , applying an unitary operation 
on such a state leaves the identity part unaffected and will 
act only on the deviation part. Therefore, an entangling 
operation can be seen as creating pseudo-entanglement 
on the state p. 

Now, we wish to add some details concerning the gra- 
dient sequence applied to C3 and C4. First, when a gra- 
dient field is applied, it causes all the spins to precess 
at a slightly different frequency, depending on where the 
molecule is located in the sample. Once averaged over 
the whole sample, applying a gradient is similar to de- 
phasing decoherence, which, if maximal, corresponds to a 
projective measurement in the computational basis with- 
out knowing explicitly the outcome 0, |2^| . Subsequent 
to the first gradient, if we apply a tt pulse on both C\ 
and Ci and reapply a gradient of the same length and 
strength, the dephasing on C\ and C2 will be undone 
while that on C3 and C4 will be doubled. Therefore, 
given a density matrix p, this yields the following final 
state 



3,4 



p -> |00)(00| 3 ' 4 p|00)(00| 

|io)(io| 3 'V|iO)(io| 3 ' 4 



|01)(01| 3 ' 4 p|01)(01| 3 - 4 + 
|11}(11| 3 < 4 P |11}(11| 3 ' 4 ,(19) 



where the superscript i indicates that the projections are 
performed on C%. 
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If the initial state of the system is pi n = XOOX — 
jX(t + Z)(l + Z)X, we expect the final state of the 
system, p/i ni to be 

p fm = XX1Z, if R- v/2 is not applied (20) 
Pfm = YtZl, if R- 7 *' 2 is applied. (21) 

Therefore, we see that, in the same spirit as that in Fig. 
|7| the state of C\ is orthogonally different depending if 
we apply the R y rotation or not. And since no action 
has been taken directly on C\ during or after the applica- 

7r/2 

tion of the Ry gate, we could argue that information 
concerning the rotation on C4 must have been transmit- 
ted to C\ through its coupling with C2. Therefore, we 
can say that Ci "knew" beforehand whether we applied 
the rotation or not on C4. 

The ideal pulse sequence (Fig. EJ) was input into a 
home-built pulse sequence compiler which numerically 
optimizes the timing and phase of the rotations, the re- 
focusing pulses and the coupling lengths [30J. Moreover, 
since only single coherences are observable in NMR, the 
initial state and the state in Eq. 1201 were not directly 
observable. On the other hand, for readout purposes, 
we may rotate C4 and C2, respectively, back along the 
z-axis, to yield observable states. Since the coupling of 
C\ to all other carbons in the molecule is fully resolved, 
we may read the state of the rest of the other nuclei by 
observing C\ only 

3. Experimental results 

To evaluate the fidelities of the implemented pulse se- 
quences shown in Fig. [5| we compared the Fourier trans- 
forms of the observed free induction decays we observed 
to those simulated for a perfect implementation of the 
pulse sequences on the pseudopure state. Comparing 
spectra of the experiment without rotation yields a frac- 
tion of 0.87 ± 0.04 of the signal of a perfect implementa- 
tion, while the experiment with a rotation yields a frac- 
tion of 0.96 ± 0.05. The error interval includes a 95% 
confidence interval on the fitting results and an estimate 
of signal to noise ratio. The experimental spectra can be 
seen in Fig. 

According to realistic simulations of the pulse se- 
quences, the experiment is short enough so that Ti relax- 
ation should not have significant effect during the imple- 
mentation of the pulses and the couplings up to the gradi- 
ent sequence. On the other hand, the variation from the 
ideal value of 1 can be explained by the in-homogeneous 
amplitude of the the rf-pulses across the sample volume 
and the inhomogeneity of the external field which causes 
the state of the ensemble lose coherence. Moreover, spa- 
tial diffusion during the gradient sequence can also leads 
to loss of signal. 

The difference in success of the two experiments is 
mainly due to the gradient measurement. While the gra- 
dients are being applied, the state of C1C2 is in double 




-2580 -2570 -2560 -2550 -2540 -2530 -2520 

FIG. 10: a) Spectrum for the initial state (X00Z, where 
we have rotated C4 along the z-axis to make the state ob- 
servable), b) Spectrum for the experiment with no rotation 
(XZiZ, where C2 have been rotated along the z-axis). c) 
Spectrum, re-phased by ^, for the experiment with rotation 
(X1Z1). The horizontal axis is in Hz an the vertical axis 
is in arbitrary units. The dashed line represents the height 
of the two peaks of the initial state spectrum. For compari- 
son purposes, the spectrum in b) and c) were multiplied by 
a factor of 4, since only a quarter of the initial signal should 
remain after applying the gradients. Note that even though 
the peaks in c) are lower then those in a), they are broader, 
thus corresponding to comparable amount of signal. 



coherence in the no rotation experiment, which relaxes 
at roughly twice the rate then the usual T2 time. Fi- 
nally, the spectra show that the peaks of the experiment 
without rotation are broader then that of the experiment 
with rotation. This tells us that the decoherence rate was 
higher in the second experiment due to a poorer external 
field homogeneity during that experiment. 



IX. CONCLUSION OF EXPERIMENTAL 
DEMONSTRATION 

Using an NMR spectrometer, we have demonstrated 
experimental results consistent with the interpretation 
that, conditionally, entanglement can appear to break 
the causality of time. Hence, the experiment provides a 
concrete illustration of the concept presented in the first 
part of the paper. 
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APPENDIX A 
1. Note on the anti-unitary operators 

Given two vectors \ip) and \<j>), an anti- unitary operator 
A is defined as 

{M\Afi = (m (ai) 

A{a\<ip) + P\(f>)) = a*A\ij)+(3*A\(j)). (A2) 

If we iterate Eq. I All twice, we conclude that A 2 = 74 1, 
where = 1 and depends only on A. So, if we write 
A = M(B)Kjg in the B basis, we thus have 

lA t = i 2 

= M f k B M f k B 

= M f ir f . (A3) 

Moreover, it can be shown ^(| that 7^ = ±1. 

2. Proof of lemma 111 

First, the state p tr is clearly a pure state since the 
projector is in separable form. Let us denote that state 
We can write the incoming state as \ip) = J2i V^N) 
in the computational basis. Let also |<&) = J2ki ^kl\kl)- 
Therefore, the output will be 

P tr = E ^t>®ki®U>\im){i'rn\kl){k'l'\ 

%,i f ,k s h' 
l,V , m 

= J2 M^Z*«**i'Wi'l) 

1,1' 

= Q*\rw\Ql (A4) 

where the matrix elements of Q$ depends only on the 
vector elements of $ and have been defined according to 
the relation 

= <\>,, 

= 0*l*> (A5) 



3. Proof of lemma |U 

If $ is a maximally entangled bipartite state, then 
we know that the reduced density matrices p 1,2 = 
tr-i t 2 ( I I ) = g J) where d is the dimension of the qubit 
Hilbcrt space. Therefore 

k 

k 

= dj^ikmikmr 

k 

= dJ2{ki\®)(®\kj) 

k 

= dt n { I $)($|) 

=S> M^M^dpx. (A6) 

Therefore, if pi = 4 II M$ is unitary. Conversely, if 
M$ is unitary =>■ pi = h 1. 



4. Proof of lemma l3l 
Using Eq. ISlandlTTl we find that 

(Mjr)ij = Vd(j'*l*> 

A,- 

= \/d^(Q t ) 2fe (x*)j/c 

fc 

=> X * = M*M£, (A7) 

where e? is the dimensionality of the Hilbert space of the 
qubit. 



[1] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, [2] C. H. Bennett and S. J. Wiesner, Phys. Rev. Lett. 69, 
777 (1935). 



10 



2881 (1992). 

A.K. Ekert and R. Jozsa, Phil. Trans. R. Soc. of Lond. 
A 356, 1769 (1998). 

H. Buhrman, R. Cleve, and W. van Dam, SIAM J. Comp. 
30, 1829 (2001). 

P. W. Shor and J. Preskill, Phys. Rev. Lett. 85, 441 
(2000). 

C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, 

A. Peres, and W. K. Wootters, Phys. Rev. Lett. 70, 1895 
(1993). 

Personal communication (2004). 

B. Coecke, Tech. Rep., Oxford Univer- 
sity Computing Laboratory (2003), URL 
http : //web . comlab. ox . ac .uk/oucl/publications/tr/rr- 
B. Coecke, quant-ph/0402014 (2004). 

D. Gottesman and I. Chuang, Nature 402, 390 (1999). 
M. Zukowski, A. Zeilinger, M. A. Home, and A.K. Ekert, 
Phys. Rev. Lett. 71, 4287 (1993). 

O. Costa de Beauregard, Nuovo Cim. 42 B, 41 (1977). 
Y. Aharonov, J. Anandan, S. Popescu, and L. Vaidman, 
Phys. Rev. Lett. 64, 2965 (1990). 

D. Suter, M. Ernst, and R. R. Ernst, Mol. Phys.. 78, 95 
(1993). 

J. J. Sakurai, Modern quantum mechanics (Addison- 
Wesley Publishing Company, 1994). 

W. M. Gibson and B. R. Pollard, Symmetry principles in 
elementary particle physics (Cambridge University Press, 
1976). 

E. Knill, R. Laflamme, and G. J. Milburn, Nature 409, 
46 (2001). 



[18] Quantum theory and measurement, edited by J. A. 
Wheeler and W. H. Zurek (Princeton University Press, 
1983). 

[19] M. A. Nielsen, E. Knill, and R. Laflamme, Nature 396, 
52 (1998). 

[20] N. Linden, H. Barjat, and R. Freeman, Chem. Phys. Lett. 
296, 61 (1998). 

[21] R. Marx, A. F. Fahmy, J. M. Myers, W. Bermel, and 
S. J. Glaser, Phys. Rev. A 62, 012310-1-8(2000). 

[22] C.-H. Tseng, S. Somaroo, Y. Sharf, E. Knill, 
R. Laflamme, T. F. Havel, and D. G. Cory, Phys. Rev. 
A 61, 012302/1 (2000). 

[23] T. A. Brun and R. Schack, Phys. Rev. A 59, 2649 (1999). 
0^4|2PhQa:3oykin, T. Mor, V. Roychowdhury, F. Vatan, and 



R. Vrijen, Proc. Nat. Ac. Sc., 99, 6, 3388 (2002). 
[25] R. Laflamme, E. Knill, D. G. Cory, E. M. Fortunato, 
T. Havel, C. Miquel, R. Martinez, C. Negrevergne, G. Or- 
tiz, M. A. Pravia, et al., Los Alamos Science, 27, 226, 
(2002). 

[26] A. J. Shaka, J. Keepler, and R. Freeman, Jour. Magn. 

Reson. 53, 313 (1983). 
[27] E. Knill, R. Laflamme, R. Martinez, and C.-H. Tseng, 

Nature 404, 368 (2000). 
[28] S. L. Braunstein, C. M. Caves, R. Jozsa, N. Linden, 

S. Popescu, and R. Schack, Phys. Rev. Lett. 83, 1054 

(1999). 

[29] W. H. Zurek, Physics Today 44, 36 (1991). 
[30] M. D. Bowdrey, J. A. Jones, E. Knill, and R. Laflamme 
(2005), quant-ph/0506006. 



